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Abstract
We derive fully covariant expressions for disk scattering amplitudes of any two
massless closed strings in which mixed Neumann and Dirichlet world-sheet boundary
conditions are included. From the two-point amplitudes, we derive the long range
background fields and verify that they correspond to Dp-brane bound state. Also,
from the scattering amplitudes, we calculate the linear coupling of closed string fields
to D-brane world-volume and show that they are consistent with Born-Infeld and
Chern-Simons actions in the presence of a background field.
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1 Introduction
Recent exciting progress in string theory has revealed many new connections between
superstring theories which had previously been regarded as distinct theories[1]. Now it
appears that all string theories are different phases of a single underlying theory, which
also describes eleven dimensional supergravity [2]. Within these discussions, extended
objects, other than just strings, play an important role. Hence these developments have
generated a renewed interest in p-branes (i.e., p-dimensional extended objects) and their
interactions.
In perturbative type II superstring theories, there is a remarkably simple description of
non-perturbative p-branes carrying Ramond–Ramond (R-R) charges[3]. The string back-
ground is taken to be simply flat empty space, however interactions of closed superstrings
with these p-branes are described by world-sheets with boundaries fixed to a particular
surface at the position of a p-brane. The latter is accomplished by imposing Dirichlet
boundary conditions on the world-sheet fields [4, 5]. Hence these objects are referred to
as Dirichlet p-branes (Dp-branes) or generically as simply D-branes. Within the type IIa
theory, the Dp-branes can have p = 0, 2, 4, 6 or 8, while for the type IIb strings, p ranges
over −1, 1, 3, 5, 7, [3]. Scattering amplitudes describing the interactions of closed strings
with D-branes was study extensively in[6, 7, 8, 9] where in [9] by studying scattering ampli-
tude of massless closed string from D-branes it was verified that the long range background
fields around these D-branes are those of extremally charged p-brane solutions of the low
energy effective action.
Within the massless spectrum of open string states on a D-brane one finds a U(1) gauge
field [10]. If the D-brane carries a constant background gauge field, this background field
induces new couplings on the D-brane to the R-R form potential, and the result may be
regarded as a bound state of D-branes[11]. In scattering calculations or conformal field
theory, this modifies the boundary conditions [10]. In type II superstring theory, interaction
of closed superstrings with these D-brane bound states are described by the same world-
sheet boundary conditions as for an ordinary D-brane except for world-volume directions
that carry background fields. In these directions the Neumann boundary conditions are
traded for mixed Neumann and Dirichlet boundary conditions. The interaction of massless
superstrings with bound states of D-string and fundamental strings which is described by
a D-string with its world-volume electric field turned on, was studied in [12]. The present
paper provides calculations on scattering amplitude of any massless closed superstring
from bound states of two D-branes which possess a difference in dimension of two using
the mixed boundary condition. These bound states are described by Dp-branes with a
world-volume magnetic field turned on.
The paper is organized as follows: In the following section we study modification of
conformal field theory arising from mixed boundary conditions. From these study, we cal-
culate specific D andM matrices that one needs in the subsequent sections. In section 3 we
evaluate general amplitudes for scattering any two massless closed superstring states from
a brane with arbitrary D and M matrices by using previously calculated open superstring
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amplitudes as was done in [9]. Our results include the scattering amplitudes with bosonic
NS-NS and R-R states, and also fermionic NS-R and R-NS states. In section 4, we exam-
ine the massless closed string poles in the amplitudes for scattering from D-brane bound
states. By comparing these terms to those in analogous field theory calculations, we are
able to extract the long range background fields surrounding a Dp-brane bound state. Our
calculations verify that these fields do correspond to those of extremally charged p- and
(p−2)-brane bound state solutions of the low energy effective action [13]. Next we evaluate
linear coupling of closed string fields to the D-brane bound state using the scattering am-
plitudes and show that as expected they are consistent with Born-Infeld and Chern-Simons
actions in the presence of background gauge field. We conclude with a discussion of our
results in Section 5.
2 Conformal field theory with background field
In perturbative superstring theories, to study scattering amplitude of some external string
states in conformal field theory frame, one usually evaluate correlation function of their
corresponding vertex operators with use of some standard conformal field theory propa-
gators [14]1. In trivial flat background one uses an appropriate linear σ-model to derive
the propagators and define the vertex operators. While in nontrivial background fields,
one must use nonlinear σ-model to do that. In nontrivial D-brane background the ver-
tex operator remain unchanged whereas the standard propagators need some modification.
Alternatively, one may use a doubling trick to convert the propagators to standard form
and shift the modification to the vertex operators[9]. In [9] scattering amplitude of two
massless closed string states in D-brane background was studied. There the D-brane was
assumed to be flat. In this paper we would like to turning some of the D-brane background
fields on and studying the scattering amplitude in the resulting nontrivial background. We
consider D-branes that carry constant gauge and/or antisymmetric Kalb-Ramond field.
The modifications arising from the appropriate σ-model appear in the following boundary
conditions [10, 15]2:
∂yX
a − iFab∂xXb = 0 for a, b = 0, 1, · · ·p
X i = 0 for i = p+ 1, · · ·9 (1)
where Fab are the constant background fields, and these equations are imposed at y = 0.
In general one may choose to have non-zero background Fab in all direction of D-brane but
for simplicity we are interested in adding a constant background field in only two spatial
direction of the D-brane world-volume e.g., F12 = −F21 = F . In this case the boundary
condition (1) becomes
∂yX
c = 0
1I am grateful for collaborations with Robert Myers in the results of this section.
2 Our notation and conventions follow those established in [9]. So we are working on the upper-half
plane with boundary at y = 0 which means ∂y is normal derivative and ∂x is tangent derivative.
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∂yX
1 − iF∂xX2 = 0
∂yX
2 + iF∂xX1 = 0
X i = 0 (2)
where c = 0, 3, 4, · · ·p. For special case of F = 0, one has the Neumann boundary condition
on all p dimensions which describe Dp-brane. The Dirichlet boundary condition on the
remaining coordinates fixes the position of the Dp-brane at X i = 0. While for large F ,
the Neumann boundary condition are imposed only on p − 2 dimensions which describe
D(p − 2)-brane. Here Dirichlet-like boundary conditions are imposed on two dimensions,
i.e., ∂xX
1,2 = 0, which does not fix position of the D(p−2)-brane in these dimensions. For
arbitrary value of F one has both Dp-brane and D(p−2)-brane which the latter delocalized
on the former, and the result may be considered as bound state of Dp- and D(p−2)-branes.
Now we have to understand the modification of the conformal field theory propagators
arising from these mixed boundary conditions. To this end consider the following general
expression for propagator of Xµ(z, z¯) fields:
< Xµ(z, z¯)Xν(w, w¯) > = −ηµν log(z − w)− ηµν log(z¯ − w¯)
−Dµν log(z − w¯)−Dνµ log(z¯ − w) (3)
where Dµν is a constant matrix that has to be fixed by imposing appropriate boundary
condition. When both z and w are on the boundary of the world-sheet, i.e., z = z¯ ≡ x1
and w = w¯ ≡ x2, the propagator (3) becomes
< Xµ(x1, x1)X
ν(x2, x2) > = −2(ηµν + (DS)µν) log(x1 − x2) + iπ(DA)µνΘ(x1 − x2)
where DS(DA) is symmetric(antisymmetric) part of the D matrix, and Θ(x1−x2) = 1(−1)
if x1 > x2(x1 < x2). Note that the last term in above equation which stems from the cut
line of the Log function is zero for the systems that their Dµν matrix is symmetric. Now
the D matrix can be found for different boundary conditions. For the case that there is
no boundary one finds Dµν = 0, the standard propagators. In [9] the matrix Dµν for flat
D-brane was found to be Dµν0 = V
µν
0 +N
µν where Nµν(V µν0 ) projects vectors into subspace
orthogonal(parallel) to D-brane. Using boundary conditions (2), one finds that the matrix
Dµν for the D-brane bound state is the same as Dµν0 except in X
1 and X2 directions, that
is
Dµν = D0
µ
λR
λ
ν = R
µ
λD0
λ
ν
where
R =
(
cos 2θ − sin 2θ
sin 2θ cos 2θ
)
is rotation matrix for angle 2θ. Here we defined cos 2θ ≡ (1 − F2)/(1 + F2) and sin 2θ ≡
2F/(1 + F2). Note that this D matrix satisfies DµαDαν = ηµν . Now writing Xµ(z, z¯) =
Xµ(z) + X˜µ(z¯), eq. (3) yields
< Xµ(z)Xν(w) > = −ηµν log(z − w)
< X˜µ(z¯) X˜ν(w¯) > = −ηµν log(z¯ − w¯)
< Xµ(z) X˜ν(w¯) > = −Dµν log(z − w¯)
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Similarly, propagator of ψµ fields, world-sheet super partner of Xµ, are modified as
< ψµ(z)ψν(w) > = − η
µν
z − w
< ψ˜µ(z¯) ψ˜ν(w¯) > = − η
µν
z¯ − w¯
< ψµ(z) ψ˜ν(w¯) > = − D
µν
z − w¯
and propagator of ghost fields remain unchanged and are
< φ(z)φ(w) > = − log(z − w)
< φ(z) φ˜(w¯) > = − log(z − w¯)
< φ˜(z¯) φ˜(w¯) > = − log(z¯ − w¯)
These propagators can be transformed to the standard form by the doubling trick
X˜µ(z¯) −→ DµνXν(z¯) ψ˜µ(z¯) −→ Dµνψν(z¯) φ˜(z¯) −→ φ(z¯) (4)
These replacements in effect extend the left-moving fields to the entire complex plane
and shift modification arising from mixed boundary condition from propagators to vertex
operators. Under replacements (4), propagator of the left-moving fields on the boundary
become
< Xµ(x1)X
ν(x2) > = −ηµν log(x1 − x2)− iπ
2
FµνΘ(x1 − x2)
< ψµ(x1)ψ
ν(x2) > = −ηµν log(x1 − x2)
< φ(x1)φ(x2) > = − log(x1 − x2) .
In scattering amplitude of boundary states, effect of the last term in the first line above is
to add some phase factor to the scattering amplitude [12].
In order for studying scattering amplitude of all closed string states from D-brane with
background field, one has to also know how to use the doubling trick for spin operator.
Right-moving spin operator is replaced by
S˜A(z¯) −→MABSB(z¯) (5)
where the constant M matrix is defined by[9]
γµ = (D−1)µνM
−1γνM (6)
Now using the decomposition of D = D0R, one should be able to decompose M = Ω(R)M0
where M0 is the standard M matrix which was derived in [9] (for D-brane with F = 0),
Mp0 =
{ ±i
(p+1)!
(ǫv)µ0···µp γ
µ0 · · ·γµp for p+ 1 odd
±1
(p+1)!
(ǫv)µ0···µp γ
µ0 · · ·γµp γ11 for p+ 1 even . (7)
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where ǫv is the world-volume form of D-brane, and Ω(R) is the spinor rotation matrix for
the angle 2θ. (Note that since D0 and R commute, the order of Ω and M0 in M should
not be important.) To see this, using the properties of M0 matrix, γ
dM0 = M0γ
d, one can
write (6) as
Ω−1γdΩ = Ddeγ
e = Rdeγ
e (8)
where d, e = 1, 2. In component form it is
Ω−1γ1Ω = γ1 cos 2θ − γ2 sin 2θ
Ω−1γ2Ω = γ1 sin 2θ + γ2 cos 2θ
These equations can be solved for Ω matrix by using Baker-Hausdorff expansion and the
result is
Ω = exp[θγ1γ2] = cos θ + γ1γ2 sin θ
Since M0γ
dγe = γdγeM0, one realizes that M0Ω = ΩM0 as anticipated above. Therefore
M matrix for D-brane with constant background F field is
Mp = Mp0 cos θ −Mp−20 sin θ
This form for M matrix was also found in [16]. Some trigonometric identities can be used
to show
cos θ =
1√
1 + F2 , sin θ =
F√
1 + F2 (9)
Now that D and M matrices have been found, one may use the replacement (4) and (5) to
convert evaluation of scattering amplitude to standard conformal field theory calculation.
3 Two-point amplitudes
A systematic approach for studying scattering amplitude of all massless closed superstring
states from D-brane was developed in [9] where it was shown that there is a direct relation
between four-point amplitude of type I theory and two-point amplitude of type II theory
in a D-brane background. Since the former amplitudes are well-known for all massless
states, a simple transformation involving among other things D0 and M0 matrices gives
the two-point amplitudes. The difference between scattering amplitude of massless closed
string states from D-brane with F = 0 and F 6= 0 is in the specific form of D and M
matrices, hence one may use the former results to evaluate scattering amplitude of the
latter.
General form of amplitudes for scattering any two massless closed superstring states
from a brane with unspecified D and M matrices was given in [9]. However, there we
implicitly assumed that the D matrix being symmetric. We should release that assumption
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in order to include D-branes with constant background fields. Therefore, we redo those
calculations with the most general form for D and M matrices. So we begin with the
well-known four-particle open superstring amplitudes involving massless vectors as well as
spinors which may be expressed in the form [17]3
A(1, 2, 3, 4) = −1
2
g2
Γ(4k1 ·k2)Γ(4k1 ·k4)
Γ(1 + 4k1 ·k2 + 4k1 ·k4)K(1, 2, 3, 4) . (10)
The various kinematic factors are then given by
K(ζ1 ζ2 ζ3 ζ4) = −16k2 ·k3k2 ·k4 ζ1 ·ζ2ζ3 ·ζ4 − 16k1 ·k2 (ζ1 ·k4ζ3 ·k2ζ2 ·ζ4 (11)
+ζ2 ·k3ζ4 ·k1ζ1 ·ζ3 + ζ1 ·k3ζ4 ·k2ζ2 ·ζ3 + ζ2 ·k4ζ3 ·k1ζ1 ·ζ4){
1, 2, 3, 4 −→ 1, 3, 2, 4
}
+
{
1, 2, 3, 4 −→ 1, 4, 3, 2
}
K(u1, u2, u3, u4) = −2 k1 ·k2 u¯2γµu3 u¯1γµu4 + 2 k1 ·k4 u¯1γµu2 u¯4γµu3 (12)
K(u1, ζ2, ζ3, u4) = 2i
√
2 k1 ·k4 u¯1γ ·ζ2γ ·(k3 + k4)γ ·ζ3u4 (13)
−4i
√
2 k1 ·k2 (u¯1γ ·ζ3u4 k3 ·ζ2 − u¯1γ ·ζ2u4 k2 ·ζ3 − u¯1γ ·k3u4 ζ2 ·ζ3)
K(u1, ζ2, u3, ζ4) = −2i
√
2 k1 ·k4 u¯1γ ·ζ2γ ·(k3 + k4)γ ·ζ4u3 (14)
−2i
√
2 k1 ·k2 u¯1γ ·ζ4γ ·(k2 + k3)γ ·ζ2u3 .
In translating these results to the two-point amplitudes in D-brane bound state back-
ground, schematically ones associates (some cyclic permutation of) (1, 2, 3, 4) in the open
string amplitude with (1L, 2L, 2R, 1R) in the closed string amplitude, where here the sub-
scripts L and R denote the left- and right-moving components of the closed string states.
An appropriate transformation of momenta and polarization tensors from open to closed
superstring states gives scattering amplitude of closed superstring states from the D-brane
bound states. The D-brane scattering amplitudes then take a universal form
A(1, 2) = −i κ Tp
√
1 + F2
2
Γ(−t/2)Γ(2q2)
Γ(1− t/2 + 2q2)K(1, 2) . (15)
Here we normalized the amplitude by replacing g2 −→ iκ(2 − χ)Tp,p−2 where the Euler
number χ = 1 for disk and κ and Tp,p−2 = Tp
√
1 + F2 are the closed string and the D-
brane coupling constants, respectively [12]. For later discussions, it is useful to divide the
kinematic factor as
K(1, 2) = 2q2 a1(1, 2) +
t
2
a2(1, 2) (16)
Then a1(1, 2) will be essentially the residue of the massless t-channel pole, which will
become important for the analysis in sect. 4. Now, it simply remains to translate the
kinematic factors (11)-(14) in the appropriate way.
3Here and in the subsequent amplitudes, we omit the Dirac delta-function which imposes momentum
conservation.
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3.1 NS-NS scattering amplitudes
We begin by calculating the amplitudes describing the scattering of two massless NS-NS
states from a Dirichlet p-brane bound state (i.e., the scattering of gravitons, dilatons or
Kalb-Ramond (antisymmetric tensor) states). The amplitudes are calculated as two closed
string vertex operator insertions on a disk with boundary conditions (2). The amplitude
may be written as
A ≃
∫
d2z1 d
2z2 〈 V1(z1, z¯1) V2(z2, z¯2) 〉 (17)
where the vertex operators are
V1(z1, z¯1) = ε1µν :V
µ
−1(p1, z1): :V˜
ν
−1(p1, z¯1):
V2(z2, z¯2) = ε2µν :V
µ
0 (p2, z2): :V˜
ν
0 (p2, z¯2): . (18)
The holomorphic components above are given by
V µ−1(p1, z1) = e
−φ(z1) ψµ(z1) e
ip1·X(z1)
V µ0 (p2, z2) = (∂X
µ(z2) + ip2 ·ψ(z2)ψµ(z2)) eip2·X(z2) . (19)
The anti-holomorphic components take the same form as in eq. (19) but with the left-
moving fields replaced by their right-moving counterparts – i.e., X(z) → X˜(z¯), ψ(z) →
ψ˜(z¯), and φ(z)→ φ˜(z¯). As usual, the momenta and polarization tensors satisfy
p2i = 0 , p
µ
i εiµν = 0 = εiµν p
ν
i
and the various physical states would be represented with
graviton : εiµν = εiνµ, εiµ
µ = 0
dilaton : εiµν =
1√
8
(ηµν − piµℓiν − ℓiµpiν) where pi ·ℓi = 1
Kalb− Ramond : εiµν = −εiνµ . (20)
In order for dealing with standard conformal field theory propagators, we use the doubling
trick (4) which convert the vertex operators (18) to
V1(z1, z¯1) = ε1µλD
λ
ν :V
µ
−1(p1, z1): :V
ν
−1(D
T ·p1, z¯1):
V2(z2, z¯2) = ε2µλD
λ
ν :V
µ
0 (p2, z2): :V
ν
0 (D
T ·p2, z¯2):
using only the expressions in eq. (19).
Now following [9], one finds the final result of scattering amplitude (15) by replacing
2kµ1 → pµ1 2kµ4 → (DT ·p1)µ
2kµ2 → pµ2 2kµ3 → (DT ·p2)µ
ζ1µ ⊗ ζ4ν → ε1µλDλν
ζ2µ ⊗ ζ3ν → ε2µλDλν , (21)
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in eqs. (10) and (11). Hence, the final result may be written as
A = −iκ Tp
√
1 + F2
2
Γ(−t/2)Γ(2q2)
Γ(1− t/2 + 2q2)
(
2q2 a1 +
t
2
a2
)
(22)
where t = −2p1 ·p2 is the momentum transfer to the brane, and q2 = 12p1 ·D ·p1 is the
momentum flowing parallel to the world-volume of the brane. The kinematic factors above
are:
a1 = Tr(ε1 ·D) p1·ε2 ·p1 − p1 ·ε2 ·D·ε1 ·p2 − p1 ·ε2 ·εT1 ·DT ·p1 − p1 ·εT2 ·ε1 ·D·p1
−1
2
(p1 ·ε2 ·εT1 ·p2 + p2 ·εT1 ·ε2·p1) + q2Tr(ε1 ·εT2 ) +
{
1←→ 2
}
(23)
a2 = Tr(ε1 ·D) (p1·ε2 ·D·p2 + p2 ·D·ε2 ·p1 + p2 ·D·ε2·D·p2) + p1 ·D·ε1·D·ε2·D·p2
−1
2
(p2 ·D·ε2·εT1 ·DT ·p1 + p1 ·DT ·εT1 ·ε2 ·D·p2) + q2Tr(ε1 ·D·ε2·D)
−q2 Tr(ε1 ·εT2 )− Tr(ε1 ·D)Tr(ε2 ·D) (q2 − t/4) +
{
1←→ 2
}
.
Our notation is such that e.g., p1 ·ε2 ·εT1 ·DT ·p1 = pµ1 ε2µν ε1λν (DT )λρ pρ1. Conservation of
momentum under replacement (21) becomes
(p1 + p1 ·D + p2 + p2 ·D)µ = 0 (24)
Now for the Dirichlet directions (i.e., those orthogonal to the D-brane), the left hand-side
automatically vanishes and so there is no momentum conservation in those directions. For
the world-volume directions other than µ = 1, 2, this equation yields as before that (p1 +
p2)
µ = 0. The equation for µ = 1, 2 are more complicated, but also require that momentum
is conserved in those directions. Thus just as in the case with F = 0, momentum is
conserved in the world-volume directions, i.e., (p1 + p2) · V µ0 = 0.
3.2 R-R boson amplitude
The next simple case is using eqs. (10) and (12) to calculate the amplitude describing
two R-R states scattering from the D-brane bound state. The latter amplitude would be
written as
A ≃
∫
d2z1 d
2z2 〈 V1(z1, z¯1) V2(z2, z¯2) 〉
where the vertex operators are
Vi(zi, z¯i) = (P− Γi(n))
AB :V−1/2A(pi, zi): :V˜−1/2B(pi, z¯i): . (25)
The holomorphic components above are given by
V−1/2A(pi, zi) = e
−φ(zi)/2 SA(zi) e
ipi·X(zi) (26)
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and the anti-holomorphic components have the same form, but with the left-moving fields
replaced by their right-moving counterparts. As before we use eq. (4) to replace anti-
holomorphic components X˜µ and φ˜ in V˜−1/2B by their corresponding holomorphic com-
ponents. Similarly, the right-moving spin field is replaced using (5) by its corresponding
left-moving spin field. With replacement (5), only standard correlators of the spin fields
[18, 14, 19] appear in the subsequent calculations. We have explicitly included the chiral
projection operator P− = (1 − γ11)/2 in vertex operator (25), so that our calculations are
always made with the full 32×32 Dirac matrices of ten dimensions. We have also defined
Γi(n) =
an
n!
F iµ1···µn γ
µ1 · · · γµn (27)
where an = i for the n = 2 and 4 fields in the type IIa theory, while an = 1 for n = 1,
3 and 5 in the type IIb theory. In eq. (27), F iµ1···µn is the linearized n-form field strength
with
F iµ1···µn = i n pi[µ1εiµ2···µn]
= i piµ1εiµ2···µn ± cyclic permutations
where p2i = 0 and p
µ
i εiµµ3···µn = 0. Hence the appropriate substitutions for the open string
amplitude (12) to derive the D-brane amplitude are
2kµ1 → pµ1 2kµ4 → (DT ·p1)µ
2kµ2 → pµ2 2kµ3 → (DT ·p2)µ
u1A ⊗ u4B → (P− Γ1(n)M)AB
u2A ⊗ u3B → (P− Γ2(m)M)AB . (28)
The resulting kinematic factor is:
aR−R,R−R1 = −
1
2
Tr(P−Γ1(n)MγµC
−1MTΓT2(m)Cγ
µ)
aR−R,R−R2 =
1
2
Tr(P−Γ1(n)Mγµ) Tr(P−Γ2(m)Mγ
µ)
where the trace is over the 32 × 32 Dirac matrices of ten dimensions. Performing these
traces, one would find the kinematic factor in terms of only momenta and polarization
tensors.
3.3 NS-NS and R-R amplitude
The next case is calculating the amplitude describing one R-R and one NS-NS state scat-
tering from a Dirichlet brane with non-zero F using eqs. (10) and (13). The appropriate
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substitutions to derive the Dirichlet amplitude are already derived for the previous ampli-
tudes in eqs. (21) and (28)
2kµ1 → pµ1 2kµ4 → (DT ·p1)µ
2kµ2 → pµ2 2kµ3 → (DT ·p2)µ
u1A ⊗ u4B → (P− Γ1(n)M)AB
ζ2µ ⊗ ζ3ν → ε2µλDλν .
The resulting kinematic factor is then:
aR−R,NS−NS1 =
i
2
√
2
Tr[P−Γ1(n)Mγ
νγ ·(p1 + p2)γµ] (ε2 ·D)µν (29)
aR−R,NS−NS2 = −
2i√
2
[
Tr(P−Γ1(n)Mγ ·DT ·εT2 ·DT ·p2)− Tr(P−Γ1(n)Mγ ·ε2 ·D·p2)
−Tr(P−Γ1(n)Mγ ·DT ·p2) Tr(ε2 ·D)
]
.
This amplitude will be of particular interest in the following section for determining the
background R-R fields in sect. 4.3.
3.4 Fermion amplitudes
Following [9], the kinematic factor for scattering of two fermions can also be evaluated and
the result would be those in [9] with some of the D matrices replaced by DT , that is
KR−NS,R−NS = i
√
2 q2(ψ2 · p1γ ·DT ·P−ψ1 − ψ2 ·D·γ p2 ·P−ψ1
−ψ2µ γ ·DT ·p1 P−ψ1µ)
+i
t
4
√
2
(
ψ2 ·D·γ γ ·(p1 +DT ·p1) γ ·DT ·P−ψ1
)
KNS−R,NS−R = i
√
2 q2(ψ1 ·p2M−1 γ ·M P±ψ1 − ψ2M−1 ·γM P± p1 ·ψ2
−ψ1µM−1 γ ·p2M P±ψ2µ)
+i
t
4
√
2
(ψ1M
−1 ·γ γ ·(p2 +DT ·p2) γ ·M P±ψ2)
KR−NS,NS−R = −i q
2
√
2
(ψ1 P+ ·Dν γµ γ ·(p1 + p2) γν M ψ2µ)
−i t
4
√
2
(ψ1 P+ ·D·γ γ ·(p2 +DT ·p2) γ ·M ψ2)
where ψ1 and ψ2 are spinor polarizations.
Up to here we never used properties of D andM matrices in evaluating these boson and
fermion amplitudes, hence they satisfy for general D and M matrices. One gets various
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different results correspond to choosing an explicit D and M matrices and explicitly eval-
uating the amplitudes. For example, one may use these amplitudes to evaluate amplitudes
for scattering any two massless string states from D-branes with background fields in more
than one plane or the D-branes that appear in the Appendix. In the rest of this paper,
we specify the D and M matrices to those that correspond to the D-branes with constant
background field F .
4 Massless t-channel poles
Recall that in the scattering amplitudes, the momentum transfer to the D-brane bound
state is t = −(p1 + p2)2. Given the general form of the string amplitudes in eqs. (15-16),
one can expand these amplitudes as an infinite sum of terms reflecting the infinite tower
of closed string states that couple to the D-brane in the t-channel4 (i.e., terms with poles
at α′ t = α′m2 = 4n with n = 0, 1, 2, . . .). For low momentum transfer, i.e., α′ t << 1,
the first term representing the exchange of massless string states dominates. In this case,
eqs. (15 – 16) reduce to
A ≃ i κ Tp
√
1 + F2 a1
t
. (30)
One can reproduce these long-range interactions with a calculation in the low energy ef-
fective field theory in which Dp-brane source terms are added to the field theory action.
4.1 NS-NS sources
The NS-NS sector is common to both type II superstring theories, and so the same low
energy effective action describes the graviton, dilaton and Kalb-Ramond fields in both
theories. The latter may be written as
INS−NS =
∫
d10x
√−g
[
1
2κ2
R− 1
2
(∇φ)2 − 1
6
H2 e−
√
2κφ
]
(31)
where Hαµν = ∂αBµν + ∂νBαµ + ∂µBνα. Given this low energy effective action, one can
calculate the different propagators, interactions, and subsequently scattering amplitudes
for these three massless NS-NS particles. In doing so, one defines the graviton field by
gµν = ηµν + 2κ hµν .
To consider the scattering of these particles from a Dp-brane bound state, we would
supplement the low energy action with source terms for the brane as follows:
INS−NSsource =
∫
d10x [SµνB Bµν + Sφ φ+ S
µν
h hµν ] . (32)
Note that at least to leading order, SB, Sφ and Sh above will be δ-function sources which
are only non-vanishing at xi = 0 where xi is position of D-brane. We begin by determining
4We explicitly restore α′ here. Otherwise our conventions set α′ = 2.
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the dilaton source Sφ. To this end, we consider a scattering process in which an external
dilaton is converted to a graviton. Examining the low energy action (31), one finds that
the only relevant three-point interaction is one graviton coupling to two dilatons through
the dilaton kinetic term. Thus, the only particle appearing in the t-channel is the dilaton,
and hence this amplitude will uniquely determine Sφ. The field theory amplitude may be
written
A′hφ = iS˜φ(k) G˜φ(k
2) V˜hφφ(ε1, p1, p2)
where S˜φ(k) is the Fourier transform of the dilaton source,
G˜φ(k
2) = −i/k2 (33)
is the dilaton’s Feynman propagator, and
V˜hφφ = −i 2κ p2 ·ε1·k
is the vertex factor for the graviton-dilaton-dilaton interaction. Here, ε1 is the graviton
polarization tensor, and kµ = −(p1 + p2)µ is the t-channel momentum. (We have not
included in A′hφ the Dirac delta-function which imposes momentum conservation in the
directions parallel to the Dp-brane bound state.) The analogous string amplitude Aφh is
constructed from eq. (22) by inserting the appropriate external polarization tensors from
eq. (20). To compare A′hφ with the massless t-channel pole in A
φh, one needs to evaluate
a1 for graviton and dilaton. Inserting the gravitation and dilaton polarization tensors from
eq. (20), we find
aφh1 =
2 + Tr(D)
2
√
2
p2 · ε1 · p2 + · · ·
where the dots represent the terms which are either proportional to k2 and hence do not
appear as simple pole or canceled against aφh2 term in the whole string amplitude (22).
Now comparing A′hφ with (30), one finds agreement by setting
S˜φ(k) = −Tp
√
1 + F2
4
√
2
(2 + Tr(D)) = −Tp
√
1 + F2
2
√
2
(cos(2θ) + p− 4) (34)
where we used that Tr(D) = 2 cos(2θ) + 2p − 10. Note that the source is a constant
independent of k in agreement with the expectation that the position space source in
eq. (32) is a delta-function in the transverse directions.
The graviton source Sh can be determined from either h-h or B-B scattering from the
Dirichlet brane bound state. In the first, massless t-channel exchange is mediated by only
a graviton, while in the second, both a graviton and dilaton propagate in the t-channel.
The corresponding amplitude for B-B scattering is
A′BB = iS˜
µν
h (k) (G˜h)µν,λρ(k
2) (V˜hBB)
λρ + iS˜φ(k) G˜φ(k
2) V˜φBB (35)
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where the graviton propagator (in Feynman-like gauge — see e.g., [20]) and the three-point
interactions are given by
(G˜h)µν,λρ = − i
2
(
ηµληνρ + ηµρηνλ − 1
4
ηµνηλρ
)
1
k2
(V˜hBB)
λρ = −i 2κ
(
1
2
(
p1 ·p2 ηλρ − pλ1 pρ2 − pρ1 pλ2
)
Tr(ε1 ·ε2)
−p1 ·ε2 ·ε1 ·p2 ηλρ + 2 p(λ1 ε2ρ) ·ε1 ·p2 + 2 p2(λ ε1ρ) ·ε2 ·p1
+2p1 ·ε2(λ ε1ρ) ·p2 − p1 ·p2 (ελ1 ·ερ2 + ελ2 ·ερ1)
)
V˜φBB = −i
√
2κ (2p1 ·ε2 ·ε1 ·p2 − p1 ·p2 Tr(ε1 ·ε2)) (36)
where our notation is such that Tr(ε1·ε2) = ε1µν ε2νµ, p1·ελ2 = p1δ εδλ2 and ε1ρ·p2 = ερδ1 p2δ. In
extracting these three-point interactions from bulk action (31), we used on-shell properties
of the Kalb-Ramond antisymmetric fields. Now again we must compare this result with
the massless t-channel pole in the string amplitude (22) with an appropriate choice of
polarization tensors. Unraveling S˜µν from eq. (35) is simplified by noting that the only
symmetric two-tensor available is
S˜µνh (k
2) = a(k2) V µν0 + b(k
2)Nµν + c(k2)V µν + d(k2)kµkν (37)
given the symmetries of the scattering process. Here, V = V0R
S and RS is symmetric part
of the rotation matrix R(2θ). Replacing (33), (34), (36) and (37) into eq. (35)
A′BB = −
iκ
k2
[ (
a+ b+ c− 1
2
{a− b− c}Tr(D0)− cTr(DS)
−1
2
Tp
√
1 + F2{2 + Tr(DS)}
)
p1 ·ε2·ε1 ·p2
+4c
(
p1 ·DS ·ε2 ·ε1 ·p2 + p1 ·ε2·DS ·ε1 ·p2 + p2 ·DS ·ε1 ·ε2 ·p1
)
+2(a− b− c)
(
p1 ·D0 ·ε2 ·ε1 ·p2 + p2 ·D0 ·ε1 ·ε2 ·p1 + p1 ·ε2 ·D0 ·ε1 ·p2
)
(
− (a− b− c)p1 ·D0 ·p2 + 2cp1 ·DS ·p1
)
Tr(ε1ε2) + 8d p1 ·ε2 ·p1 p2 ·ε1 ·p2
]
−iκ
4
[ (
−(a+ b− 3c) + 1
2
(a− b− c)Tr(D0) + cTr(DS) + 2d k2
)
Tr(ε1 ·ε2)
−4(a− b− c)Tr(D0 ·ε1 ·ε2)− 8cTr(DS ·ε1 ·ε2)− 8d p2 ·ε1 ·ε2 ·p1
+
Tp
√
1 + F2
2
{2 + Tr(Ds)}Tr(ε1 ·ε2)
]
(38)
where DS is symmetric part of the D matrix. The first bracket above is residue of the
simple pole of D-brane amplitude and the second bracket contains some contact terms
which are related to quadratic terms of source action (32).
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Inserting the antisymmetric polarization tensors in (23), one may write it as
aBB1 = −2
(
1
2
p1 ·DS ·p1Tr(ε1ε2) + p1 ·ε2·ε1 ·p2 + p1 ·DS ·ε2 ·ε1 ·p2
+p2 ·DS ·ε1 ·ε2 ·p1 + p1 ·ε2 ·DS ·ε1 ·p2
)
.
Now comparing (38) with the massless t-channel pole (30) fixes a, b, c and d to be constants
with a = c = −1
2
Tp
√
1 + F2 and b = d = 0 leaving
S˜µνh = −
1
2
Tp
√
1 + F2 (V µν0 + V µν)
= −Tp
√
1 + F2Vµν (39)
where Vµν = diag(−1, 1/(1 + F2), 1/(1 + F2), 1, . . . , 1, 0, . . . , 0) where zeros appear in the
transvers directions. As a cross check, we use this S˜µνh to calculate graviton-graviton
scattering as well. The corresponding amplitude for h− h scattering is
A′hh = iS˜
µν
h (k) (G˜h)µν,λρ(k
2) (V˜hhh)
λρ (40)
where the three-point interaction is
(V˜hhh)
λρ = −i 2κ
((
3
2
p1 ·p2 ηλρ + p(λ1 pρ)2 − kλ kρ
)
Tr(ε1 ·ε2)
−p1 ·ε2 ·ε1 ·p2 ηλρ + 2 p(λ2 ε2ρ) ·ε1 ·p2 + 2 p1(λ ε1ρ) ·ε2 ·p1
+2p1 ·ε2(λ ε1ρ) ·p2 − p1 ·p2 (ελ1 ·ερ2 + ελ2 ·ερ1)
−p1 ·ε2 ·p1 ελρ1 − p2 ·ε1 ·p2 ελρ2
)
.
With this three-point interaction, the scattering amplitude (40) becomes
A′hh =
iκ
k2
Tp
√
1 + F2
[
2p1 ·ε2 ·ε1 ·p2 + 2p2 ·ε1 ·ε2 ·DS ·p2
+2p1 ·ε2·ε1 ·DS ·p1 + 2p1 ·ε2 ·DS ·ε1 ·p2 − p1 ·DS ·p1Tr(ε1ε2)
−Tr(ε1 ·DS) p1 ·ε2 ·p1 − Tr(ε2 ·DS) p2 ·ε1 ·p2
−k2Tr(ε1 ·ε2)− k2Tr(DS ·ε1·ε2)
]
(41)
Here again the terms in the last line above are contact terms and the other terms are
residue of simple pole. Now the insertion of the graviton polarization tensor into a1 gives
ahh1 = −2p1 ·ε2 ·ε1 ·p2 − 2p2 ·ε1 ·ε2 ·DS ·p2 − 2p1 ·ε2 ·ε1 ·DS ·p1
−2p1 ·ε2 ·DS ·ε1 ·p2 + p1 ·DS ·p1Tr(ε1ε2)
+Tr(ε1 ·DS) p1 ·ε2 ·p1 + Tr(ε2 ·DS) p2 ·ε1 ·p2 .
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Comparing (41) with (30), one finds precise agreement between field theory calculation and
low energy string scattering amplitude. One can also calculate dilaton-dilaton scattering
in which the t-channel interaction is mediated by a graviton and the result is consistent
with the result in eq. (39). Note however, this amplitude alone would not have enough
structure to completely fix all of the unknown functions appearing in eq. (37).
To determine the antisymmetric tensor source, one can consider B-φ or B-h scattering.
The scattering amplitude for B-h is
A′Bh = iS˜
µν
B (G˜B)µν,λρ (V˜BBh)
λρ (42)
where
(G˜B)µν,λρ = − i
2
(ηµληνρ − ηµρηνλ) 1
k2
(V˜BBh)
λρ = −i2κ
(
p2 ·ε1 ·p2ελρ2 + 2p2 ·ε[λ1 ερ]2 ·p1 + 2p2 ·ε1 ·ε[λ2 pρ]2
+2p1 ·p2ε[λ2 ·ε1ρ] + p[λ2 ερ]1 ·ε2 ·p1 + p1 ·ε2 ·ε[λ1 pρ]2
)
.
Here, ε1 and ε2 are graviton and the Kalb-Ramond polarization tensors, respectively. Since
(DA)µν , antisymmetric part of the D-matrix, is the only available antisymmetric tensor,
one may write the antisymmetric tensor source as
S˜µνB = a(k
2)(DA)µν
Replacing this Bµν source and above vertex and propagator in (42) one finds
A′Bh =
2iκa
k2
(
p2 ·ε1 ·ε2Tr(DA ·ε2)− 2p2 ·ε1 ·DA·ε2 ·p1 − 2p2 ·ε1 ·ε2 ·DA·p2
+2p1 ·ε2·ε1 ·DA ·p2 + k2Tr(ε2 ·ε1 ·DA)
)
(43)
Now a1 for antisymmetric Kalb-Ramond and graviton is
aBh1 = Tr(ε2 ·DA)p2 ·ε1 ·p2 − 2p1 ·ε2 ·DA·ε1 ·p2
+2p1 ·ε2 ·ε1·DA ·p1 − 2p2 ·ε1 ·ε2 ·DA·p2 .
Replacing it in (30) and comparing with (43) fixes a to be constant with a = −1
2
Tp
√
1 + F2
leaving
S˜µνB = −
1
2
Tp
√
1 + F2(DA)µν
= Tp
Fµν√
1 + F2 . (44)
From here one can see that if F = 0, source of Bµν field vanishes and one would get the
result of [9].
15
4.2 R-R source
We would also like to determine source of the Ramond-Ramond potential fields. The
relevant terms in the low energy effective action are
IR−R =
∫
d10x
√−g ∑
n
(
− 8
n!
F(n) ·F(n) e(5−n)
κ√
2
φ
)
. (45)
For the type IIb superstring, the sum runs over n = 1, 3 and 5, while for the type IIa
theory, the sum includes n = 2 and 4. An added complication is that F(5) should be a self-
dual field strength for which no covariant action exists. The above non-self-dual action will
yield the correct type IIb equations of motion when the self-duality constraint is imposed
by hand [21] — i.e., one makes the substitution F(5) → F(5) + ∗F(5) in the equations of
motion. One can verify that this action (45) reproduces the three-point string amplitudes
on the sphere for two R-R vertex operators (26) scattering with a graviton or dilaton (18).
Now we supplement the above low energy action with the following source term
IR−Rsource =
∫
d10x[Sµ1···µnC Cµ1···µn ] (46)
where SC is source of the R-R form potential C(n). This potential field is defined as
dC(n) = F(n+1) for “electric” and dC(8−n) = ∗F(n+1) for “magnetic” components of R-R field
strength F(n+1). Here ∗F(n+1) is also defined by
(F(n+1))µ1···µn+1 = (∗∗F(n+1))µ1···µn+1
=
1
(9− n)!(∗F(n+1))
ν1···ν9−nǫ10ν1···ν9−nµ1···µn+1
To evaluate the R-R source SC , we consider a scattering process in which an external R-R
field is converted to graviton. The field theory amplitude may be written as
A′F(n+1)h = i(S˜C(k))
µ1···µn(G˜C(k
2))µ1···µn
ν1···νn(V˜CF(n+1)h)ν1···νn . (47)
Here we wrote the external R-R potential field as its field strength. This will be convenient
latter on for comparing with string amplitude. Now using action (45), the R-R propagator
and the three-point interactions involving “electric” and “magnetic” fields are found to be
(G˜C(k
2))µ1···µn
ν1···νn = − in!
16k2
η
[ν1
[µ1
ην2µ2 · · · ηνn]µn]
(V˜C(n)F(n+1)h)ν1···νn = −
32κ
n!
[ελ2µ(F1(n+1))λν1···νnk
µ − nελ2ν1(F1(n+1))λν2···νnµkµ]
(V˜C(8−n)(∗F(n+1))h)ν1···ν8−n = −
32κ
(8 − n)! [ε
λ
2µ(∗F1(n+1))λν1···ν8−nkµ
−(8− n)ελ2ν1(∗F1(n+1))λν2···ν8−nµkµ]
where ε2 and F1(n+1) are the graviton polarization and the external R-R particle’s (lin-
earized) field strength, respectively. Now, since R-R potential is a total antisymmetric
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field, its source SC must also be a total antisymmetric tensor. Using this and replacing
above propagator and three-point interactions in (47), one obtains
A′F(n+1)h = −
2κ(n + 1)
k2
ελµ2 (F1(n+1))λ
ν1···νnk[νn(S˜C)µν1···νn−1]
for external “electric” field and
A′∗F(n+1)h = −
2κ(9− n)
k2
ελµ2 (∗F1(n+1))λν1···ν8−nk[ν8−n(S˜C)µν1···ν7−n]
for external “magnetic” R-R field strength. The massless t-channel pole for the string
scattering amplitude AhF comes from a
R−R,NS−NS
1 in eq. (29) which is
aR−R,h1 = −
i
2
√
2
Tr(P−Γ1(n)M
pγνγ ·kγµ)(ε2 ·D)µν
=
i
2
√
2
Tr(Γ1(n)γ
µγ ·kMpP+γν)ε2µν (48)
where in the second line above eqs. (6) and (24) have been used. Using (27) and (7), one
may write eq. (48) as
aR−R,h1 =
i
4
√
2
anbp
n!(p+ 1)!
ε2µνF1µ1µ2···µn (ǫ
v)ν0ν1···νp′ kα
×{Tr[γµ1γµ2 · · · γµnγµγαγν0γν1 · · · γνp′ (1 + γ11)γν ]
×(δp′,p cos θ − δp′,p−2 sin θ)} (49)
where bp = ±i for p + 1 = odd and bp = ±1 for p + 1 = even. Now one can perform the
traces above for different n and p. The result is
aR−R,h1 = ±i
8
√
2
n!
ελµ2 (F1(n+1))λ
ν1···νn ×
{
(n+ 1)k[νn(ǫ
v)µν1···νn−1](δp,n−1 cos θ + δp,n+1 sin θ)
kρ (ǫn)ρµν1···νn(δp,7−n cos θ + δp,9−n sin θ)
where the ± sign is the same as that appearing in (7). Here ǫv(ǫn) is volume form in
subspace parallel(orthogonal) to the brane’s world-volume. Using identity
(ǫn)µp+1···µ9 = −
1
(p + 1)!
(ǫv)µ0···µpǫ10µ0···µpµp+1···µ9
one may write aR−R,h1 as
aR−R,h1 = ± i
8
√
2(n+ 1)
n!
ελµ2 (F1(n+1))λ
ν1···νn k[νn(ǫ
v)µν1···νn−1](δp,n−1 cos θ + δp,n+1 sin θ)
± i8
√
2(9− n)
(8− n)! ε
λµ
2 (∗F1(n+1))λν1···ν8−n k[ν8−n(ǫv)µν1···ν7−n]
×(δp,7−n cos θ + δp,9−n sin θ)
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Now comparing (30) with A′F(n+1)h, one finds the R-R “electric” sources as
(S˜C)
E
µ1···µn = −
4
n!
Qp
√
1 + F2(δp,n−1 cos θ + δp,n+1 sin θ)(ǫv)µ1···µn (50)
and the “magnetic” sources as
(S˜C)
M
µ1···µ8−n = −
4
(8− n)!Qp
√
1 + F2(δp,7−n cos θ + δp,9−n sin θ)(ǫv)µ1···µ8−n . (51)
where Qp = ±
√
2Tp. In the case F = 0 (θ = 0), eq. (50) indicates that brans with
p = −1, 0, 1, 2 and 3 carry “electric” charge of C(n) with n = 0, 1, 2, 3 and 4, respectively.
While eq. (51) shows that Dp-branes with p = 3, 4, 5, 6 and 7 carry “magnetic” charge
of C(n) with n = 4, 5, 6, 7 and 8, respectively. As expected the D3-brane simultaneously
carries “electric” and “magnetic” charge of the self-dual F(5) form.
4.3 Long range fields
From the dilaton, graviton, antisymmetric Kalb-Ramond and Ramond-Ramond sources,
it is a simple matter to calculate (the Fourier transform of) the corresponding long range
fields around the Dp-branes. These fields are precisely the product of the source and the
Feynman propagator in the transverse momentum space. Hence the long range dilaton
field is
φ˜(k2) = iS˜φ G˜φ(k
2) = −Tp
√
1 + F2
4
√
2
2 + Tr(D)
k2
= −Tp
√
1 + F2
2
√
2
cos(2θ) + p− 4
k2
. (52)
Similarly the long range gravitational field becomes
h˜µν(k
2) = iS˜λρh (G˜h)λρ,µν
= −Tp
√
1 + F2
8k2
diag (−αp, γp, γp, αp, · · · , αp, βp, · · · , βp) (53)
where αp = −p + 9 − 2 cos2 θ, γp = 6 cos2 θ − p + 1 and βp = −p + 1 − 2 cos2 θ. The long
range antisymmetric tensor field is
B˜µν(k
2) = iS˜λρB (G˜B)λρ,µν
= − Tp
2k2
√
1 + F2(DA)µν
=
Tp
2k2
√
1 + F2 sin(2θ)(ǫ2)µν (54)
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where ǫ2 is volume form in the (x1, x2)-plane. Finally, the long range R-R potential fields
are
C˜µ1···µn(k
2) = i(S˜C)
ν1···νn(G˜C)ν1···νn,µ1···µn
=
n!
16k2
(S˜C)µ1···µn
= −Qp
4k2
√
1 + F2[cos θδp,n−1 + sin θδp,n+1](ǫv)µ1···µn (55)
From here one can see that a given C(n) simultaneously couples to both D(p + 1)- and
D(p− 1)-branes.
Now we would like to compare above long range fields with the low-energy background
field solutions corresponding to (p+1)- and (p− 1)-brane bound states[13]. For simplicity
we consider only the 2-brane and 0-brane bound state solution. In [13] this solution was
found, by rotating a delocalized 1-brane in (x1, x2)-plane and using T-duality on the rotated
brane, to be (in the Einsten-frame)
dsˆ2 = e−φˆ/2
√
H
{−dt2
H
+
(dx1)2 + (dx2)2
1 + (H − 1) cos2 θ +
9∑
i=3
(dxi)2
}
Cˆ(3) = ± (H − 1) cos θ
1 + (H − 1) cos2 θdt ∧ dx
1 ∧ dx2
Cˆ(1) = ±H − 1
H
sin θdt
Bˆ =
(H − 1) cos θ sin θ
1 + (H − 1) cos2 θdx
1 ∧ dx2
e2φˆ =
H
3
2
1 + (H − 1) cos2 θ (56)
where H = 1 + µG(r/ℓ) and G(r/ℓ) = 1
5
(ℓ/r)5 is the Green’s function in the transverse
space. Here r2 =
∑9
i=3(x
i)2 and ℓ is an arbitrary length. Also µ is some dimensionless
constant and we consider it to be small, i.e., µ << 1, so that the nontrivial part of above
solution may be treated as a perturbation of flat empty space. The perturbative parts,
i.e., µ << 1, or long range fields, i.e., r −→ ∞, of above solution are
hˆµν ≡ gˆµν − ηµν
≃ −µG
8
diag(−α2, γ2, γ2, β2, β2, · · · , β2)
(Cˆ(3))µ1µ2µ3 ≃ ±µG cos θ(ǫv)µ1µ2µ3
(Cˆ(1))µ ≃ ±µG sin θ(ǫv)µ
Bˆµν ≃ µG cos θ sin θ(ǫ2)µν
φˆ ≃ −µG
4
(2 cos2 θ − 3) (57)
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where α2 = 7 − 2 cos2 θ, γ2 = 6 cos2 θ − 1 and β2 = −1 − 2 cos2 θ. To make a precise
comparison of the long range fields (52–55), with above asymptotic fields, we must first take
into account that the low energy string actions, (31) and (45), have different normalization
from that used in [13] to derive the bound state solution (56). The latter action would
have the same normalization as the former if one uses the following field redefinitions
hˆµν ≡ 2κh′µν
φˆ ≡
√
2κφ′
Bˆµν ≡ −2κB′µν
Cˆ(n) ≡ 4
√
2κC ′(n) (58)
We have to also make Fourier transform of the asymptotic fields (57) in order to compare
them with the momentum space long range fields (52– 55). The essential transform is that
for G(r/ℓ) which is
G˜(k2) =
A6ℓ5
k2
where ~k is a wave-vector in the subspace orthogonal to the 2-brane, and A6 is the area
of a unit 6-sphere. Now in terms of the primed fields introduced in eq. (58), the Fourier
transform of the asymptotic fields (57) are
h˜′µν ≃ −
µA6ℓ5
16κ
1
k2
diag(−α2, γ2, γ2, β2 · · · , β2)
φ˜′ ≃ −µA6ℓ
5
4
√
2κ
1
k2
(2 cos2 θ − 3)
B˜′µν ≃ −
µA6ℓ5
2κ
1
k2
cos θ sin θ(ǫ2)µν
(C˜ ′(3))µ1µ2µ3 ≃ ±
µA6ℓ5
4
√
2κ
1
k2
cos θ(ǫv)µ1µ2µ3
(C˜ ′(1))µ ≃ ±
µA6ℓ5
4
√
2κ
1
k2
sin θ(ǫv)µ .
Hence we have complete agreement between the D-brane long range fields (52–55) and
those above if 2κTp
√
1 + F2 = µA6ℓ5. In [13], by evaluating the long range fields, mass
and R-R charge of the (p + 1)- and (p − 1)-brane bound state was found and shown that
they satisfy extremal condition. Therefore, the long range fields (52–55) are fields around
extremally charged D(p+ 1)- and D(p− 1)-brane bound state indicating as expected that
the mixed boundary condition is world-sheet realization of the D-brane bound states.
4.4 D-brane action
In this section we show that the source actions derived from scattering amplitude of sect. (3)
are consistent with Born-Infeld and Chern-Simons actions. To this end consider first the
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Born-Infeld action 5
SBI = −Tp
∫
dp+1x e−Φ
√
−det(Gab + F˜ab)
where Gab and Φ are the string-frame metric and dilaton. Here F˜ab contains background
field and its quantum fluctuation. In order to compare above action with our result, one
should write the Born-Infeld action in terms of the Einstein-frame metric and dilaton with
the normalizations of the low energy action (31). Hence replacing Gab = e
Φ/2gab and
Φ =
√
2φ, one finds
SBI = −Tp
∫
dp+1x e
p−3
2
√
2
φ
√
−det(gab + e−
φ√
2 F˜ab)
Now we expand this action around backgrounds ηab and Fab which appear in gab = ηab+2hab
and F˜ab = Fab − 2Bab, and keep only terms that are linear in hab, φ and Bab. Using the
following expansion
√
det(A + δA) =
√
det(A)[1 +
1
2
Tr(A−1δA) + · · ·]
and identities √
−det(ηab + e−
φ√
2Fab) =
√
1 + e
− 2φ√
2F2
(ηab + Fab)−1 = Vab − Fab
1 + F2
one finds
SBI = −Tp
√
1 + F2
∫
dp+1x
[
1 + Vabhab + (p− 3
2
− F
2
1 + F2 )
φ√
2
+
FabBba
1 + F2 + · · ·
]
(59)
where the dots represent the linear coupling of open string fields to D-brane which can not
be evaluated in our calculations, as well as higher order couplings. Here the indices are
raised and lowered by ηab and ηab, respectively.
The Fourier transform sources (34), (39), (44), (50) and (51) are constant, so they
appear as S = S˜δ(xi) in position space. Now replacing the NS sources in (32), one finds
INS−NSsource = −Tp
√
1 + F2
∫
dp+1x[Vabhab + 1√
2
(
p− 3
2
− F
2
1 + F2 )φ−
FabBab
1 + F2 ]
As can be seen, this action is the linear part of the Born-Infeld action (59)
5We are not interested in this paper in coupling of open string scalar and gauge fields to the D-brane.
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The Chern-Simons action is
SCS = −µp
∫
eF˜
∑
c(p+1)
= −µp
∫
dxp+1[
1
(p+ 1)!
cµ0···µp +
1
(p− 1)!2!c
µ0···µp−2F˜µp−1µp
+
1
(p− 3)!2!2!2!c
µ0···µp−4F˜µp−3µp−2F˜µp−1µp + · · ·](ǫv)µ0···µp
where c(n) is the R-R form potential that has different normalization from that used in
bulk action (45). Our calculations are consistent if one sets c(n) = 4C(n). For special case
of F˜µν = Fµν which has only two components, i.e., F12 and F21, above action simplifies to
SCS = −4µp
∫
dp+1x[
1
(p + 1)!
Cµ0···µp +
1
(p− 1)!2!C
µ0···µp−2Fµp−1µp ](ǫv)µ0···µp (60)
Now writing sources (50) and (51) in position space and replacing them in (46), one finds
IR−Rsource = −4Qp
∫
dp+1x
√
1 + F2
×[ 1
(p + 1)!
Cµ0···µp cos θ +
1
(p− 1)!2!C
µ0···µp−2(ǫ2)µp−1µp sin θ](ǫv)µ0···µp
= −4Qp
∫
dp+1x[
1
(p + 1)!
Cµ0···µp +
1
(p− 1)!2!C
µ0···µp−2Fµp−1µp ](ǫv)µ0···µp
where we used (9) to replace cos θ and sin θ in terms of F . This action is actually the
Chern-Simons action (60) by setting µp = Qp.
5 Discussion
In this paper, we have presented detailed calculations of all two-point amplitudes describ-
ing massless closed type II superstrings scattering from a Dirichlet p-branes that carry a
background magnetic field. Using these results we derived the long range fields around
the branes and showed as expected they are field around extremally charged D(p)- and
D(p − 2)-brane bound states for 2 ≤ p ≤ 7. From the scattering amplitude we also cal-
culated linear coupling of closed string fields to the D-brane bound states and found that
they are consistent with Born-Infeld and Chern-Simons actions.
The low-energy background field solutions corresponding to D-brane bound states that
presented in [13] possess one half of the supersymmetries of type II superstring theories.
This happened because those solutions were constructed by imposing T-duality map on
a single D-brane solution of type II theories. Supersymmetry is preserved by T-duality,
hence the bound state solutions retain the supersymmetric properties of the initial (single)
D-brane. In conformal field theory frame, as discussed in [9], any scattering procces that
is describable in terms of D and M matrices has the same supersymmetry properties as
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type I theory. So (single) D-branes as well as the D-brane bound states that studied in
this paper posses one half of the type II supersymmetries.
Using the ADM mass formula, mass per unit p-volume of the Dp- and D(p− 2)-brane
bound state is Mp,p−2 = Tp
√
1 + F2/κ ≡ Tp,p−2/κ. Hence the D-brane bound states has
tension Tp,p−2 = Tp
√
1 + F2, the one that used in the scattering amplitude (15). Similarly,
R-R charges per unit p-volume are Qp = ±
√
2Tp which was used in eqs. (50) and (51), and
Qp−2 = ±
√
2TpF . Therefore, they satisfy the extremal condition (Q2p + Q2p−2) = 2T 2p,p−2
[13].
From the gamma function factors appearing in eq. (22), we see that the amplitudes
contain two infinite series poles corresponding to on-shell propagation of closed and open
strings in t- and q2-channels, respectively. The t-channel poles (i.e., α′t = 4n with n =
0, 1, 2, . . .) indicate that the mass of closed strings are (mclosed)2 = 4n/α′ because t = −(p1+
p2)
µ(p1+p2)
νηµν = (m
closed)2 where (p1+p2)
µ is momentum of the closed strings. The q2- or
s-channel poles (i.e., α′q2 = −n) indicate that the open string masses are (mopen)2 = n/α′.
This is a result of the relation q2 = pa1p
b
1Vab = −(mopen)2 where pa1 = (p1 ·V0)µ is the open
string momentum. Hence the string tension seems to be shifted in an anisotropic manner
on the D-brane world volume. The effect is to induce a non-trivial metric on its world-
volume, i.e., one which is not just ηab. Hence one might say that the D-brane world-volume
is no longer flat. Of course, the closed strings propagating in the bulk remain unaffected
by this shift, and hence they only see flat spacetime.
While our analyses of the R-R sources in sect. 4.2 are restricted to 2 ≤ p ≤ 7, the
NS-NS sources in sect. 4.1 are also valid in the case of domain walls (for which p − 8).
In this case as a result of “non-flat” nature of the world-volume metric t 6= 4q2 and the
kinematic factor a1(1, 2) is not proportional to t, in contrast to the kinematic properties
of amplitudes of scattering from single D-brane [9]. Also, the scattering amplitudes in
field theory side do have non-zero simple poles which are equal to simple poles of string
amplitude. Hence, for special case of F = 0, our results verify that the NS-NS long range
fields around D8-brane correspond to those of extremally charged (p = 8)-brane solution
of the low energy effective action, things which we were not able to show in [9].
The t-channel analyses of sect. 4 enabled us to find linear coupling of closed string fields
to the D-brane. The quadratic and higher order couplings appear as contact interactions.
In general, to find these contact terms, one should equate contact terms of string amplitude
to contact terms of field theory (with bulk and source actions) in both t- and s-channels.
The two point amplitudes presented in sect. 3 has enough structure to extract the contact
terms corresponding to two closed string fields. However, evaluation of these contact terms
in field theory side in s-channel needs an understanding of coupling of open string gauge
and scalar fields to D-brane [22]. It would be also interesting to evaluate coupling of
massless open string fields to the D-brane bound state and show that they are consistent
with Born-Infeld and Chern-Simons actions [23].
Finally, although the coupling of closed string fields to the D-brane world-volume that
we found in this paper can be extracted from abelian Born-Infeld and Chern-Simons ac-
tions, extending the boundary condition (1) to includes non-abelian gauge fields helps one
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to find non-abelian Born-infeld and Chern-Simons actions [24], things which are not fully
understood yet [25].
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Appendix
In this appendix we would like to evaluate the D and M matrices for moving D(p)-brane
and D(p)-brane with its electric field turned on. To this end, we begin with a D(p)-
brane that move with constant velocity v in one of its transvers direction, say X1. Then
appropriate boundary condition for the open strings on this brane is
∂y(X
0 − vX1) = 0
X1 − vX0 = 0
∂yX
a = 0
X i = 0
where a = 2, 3, ..., p+ 1 and i = p+ 2, ..., 9. Now following the steps in sect. 2, one finds
(Dpv)
µν = (Dp+10 )
µ
αR
αν
v
where
Rανv = −
(
cosh 2θv sinh 2θv
sinh 2θv cosh 2θv
)
and we defined cosh 2θv ≡ (1 + v2)/(1− v2) and sinh 2θv ≡ 2v/(1− v2). The M matrix is
also found to be
Mpv = iγ
11(γ1 cosh θv − γ0 sinh θv)Mp+10
where Dp+10 (M
p+1
0 ) is the appropriate D(M) matrix for stationary D(p+1)-brane which
includes X1 as its world-volume.
To write the D and M matrices for D(p)-branes which carry constant electric field, we
consider the electric field to be non-zero only in X1 direction. Then appropriate boundary
condition can be read from (1) to be
∂yX
0 + iE∂xX
1 = 0
∂yX
1 + iE∂xX
0 = 0
∂yX
b = 0
Xj = 0
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where b = 2, 3, ..., p and j = p + 1, ..., 9. From these boundary conditions, one finds the D
matrix as
(DpE)
µν = (Dp0)
µ
αR
αν
E
where
RανE = −
(
cosh 2θE − sinh 2θE
sinh 2θE − cosh 2θE
)
and we defined cosh 2θE ≡ (1 +E2)/(1−E2) and sinh 2θE ≡ 2E/(1−E2). The M matrix
can be evaluated and the result is
MpE = (cosh θE + γ
0γ1 sinh θE)M
p
0
Note that in both cases the D matrix satisfy DµαD
αν = ηµν . A difference between these
two D matrices is that the (Dpv)
µν is symmetric while the (DpE)
µν is not. So in scattering
amplitude of boundary states from D(p)-branes which carry electr ic field the antisymmetric
part of (DpE)
µν produces some phase factors [12].
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